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Many theories of gravity admit formulations in different, conformally related manifolds, known as the Jordan and 
Einstein conformal frames. Among them are various scalar-tensor theories of gravity and high-order theories with 
the Lagrangian f(R) where R is the scalar curvature and / is an arbitrary function. It may happen that a 
singularity in the Einstein frame corresponds to a regular surface Strans in the Jordan frame, and the solution is 
then continued beyond this surface. This phenomenon is called a conformal continuation (CC). We discuss the 
properties of vacuum static, spherically symmetric configurations of arbitrary dimension in scalar-tensor and f(R) 
theories of gravity and indicate necessary and sufficient conditions for the existence of solutions admitting a CC. 
Two cases are distinguished, when Strans is an ordinary regular sphere and when it is a Killing horizon. Two explicit 
examples of CCs are presented. 



1. Introduction 

High-order theories of gravity with the Lagrangian 
L = f(R) and scalar-tensor theories (STT) are well- 
known and important alternatives to Einstein's gen- 
eral relativity. They are widely used, in particular, for 
describing inflation in the early Universe [1], for ex- 
plaining its present-day accelerated expansion [2] and 
in many other applications. One can also mention that 
curvature-nonlinear corrections to the Einstein theory 
emerge due to quantum effects of material fields in 
curved space [3]. 

There is a conformal mapping from the manifold Mj 
with the metric g^ „ , where a theory (STT or f(R) grav- 
ity) is initially formulated (it is called the Jordan con- 
formal frame, or Jordan picture), to the manifold Me 
with the metric ~g — g llv /F{x) (the Einstein picture), 
in which the equations of the original theory turn into 
the equations of general relativity with a scalar field <p 
endowed with a certain potential V((j>) (see, e.g., [4] 
and references therein). If the conformal factor F(x) is 
everywhere regular, then the basic physical properties 
of the manifolds Mj and Me coincide since, in such 
transformations, a flat asymptotic in Mj maps to a flat 
asymptotic in Me , a horizon to a horizon, a centre to a 
centre. Of special interest are, however, the cases when a 
singularity in Me maps (due to the properties of F(x) ) 
to a regular surface in Mj . Then Mj may be contin- 
ued in a regular manner beyond this surface; this phe- 
nomenon has been termed conformal continuation [5], 
In such cases the global properties of the manifold Mj 
can be much richer than those of Me . The new region 
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may, in particular, contain a horizon or another spatial 
infinity. 

From a more general viewpoint, a possible existence 
of conformal continuations may mean that the observed 
Universe is only a region of a real, much larger Universe 
which should be described in another, more fundamental 
conformal frame. Detailed discussions of the physical 
meaning and role of different conformal frames may be 
found in Refs. [6,7]. 

In this work we discuss necessary and sufficient con- 
ditions for the existence of conformal continuations 
(CC) in vacuum static, spherically symmetric space- 
times of arbitrary dimension D > 3 in STT and f(R) 
theories and present two specific examples. 

2. Field equations 

f{R) gravity. Consider high-order gravity (HOG) with 
the action 

Shog = / d D xy/\g~\f(R) (1) 

where / is a function of the scalar curvature R calcu- 
lated for the metric g^ of a space-time Mj = Mj [g] . 
In accord with the weak field limit / ~ R at small R, 
we assume f(R) > and fa = df/dR > 0, at least in a 
certain range of R including R = , but admit /_r < 
and maybe / < in general. 

The conformal mapping Mj i— > Me with 

9„u = F^g^, F=\f R \- 2 ^ D - 2 \ (2) 
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transforms the "Jordan-frame" action (f ) into the Einstein- 
frame action 



S = J d D x^W\[R+{d^f-2Vm i 



(3) 



where 



± V§^ log|/fll ' 

\f R \- D/(D - 2 \R\f R \ 



/)■ 



(4) 



The field equations due to (1) after this substitution 
turn into the field equations due to (3). Let us write 
them down for static, spherically symmetric configura- 
tions, taking the metric g^ in the form 

ds% = g^dafdx" = A(p)dt 2 ~ jrr ~ r 2 (p)cM/, (5) 

where dSlj 2 is the linear element on a sphere S d of unit 
radius, and ip = ip(p) . Three independent combinations 
of the Einstein equations can be written as 



Mr 2 ), 



(A p r d ) P 
dr pp /r 
r 2 A r „ 



-(4/d)r d V, 

-Vv 2 , 



Jpp ' ^pp 
+ (d-2)r p (2Ar p -A p r) = 2(2-1); 



(6) 
(7) 

(8) 



where the subscript p denotes d/dp. The scalar field 
equation follows from the Einstein equations. Given a 
potential V(tp) , (6)-(8) is a determined set of equations 
for the unknowns r, A, tp. 

The metric g^ v — Fg^ may be taken in a form 
similar to (5): 



ds 2 = g pv dx^dx v = A{q)dt 2 



dq 2 
A(q) 



r 2 (q)d^ 2 . (9) 



The quantities in (9) and (5) are related by 

A(q)=FA(p), r 2 (q) = Fr 2 {p), dq = ±Fdp. (10) 

In both metrics (5) and (9) we have chosen the 
"quasiglobal" radial coordinates [8] (p q, respectively), 
which arc convenient for describing Killing horizons: 
near a horizon p = ph, the function A(p) behaves as 
(p — ph) k where k is the horizon order: k = 1 corre- 
sponds to a simple, Schwarzschild-type horizon, k = 2 
to a double horizon, like that in an extremal Reissner- 
Nordstrom black hole etc. The function A(q) plays a 
similar role in the metric (9). 

General scalar-tensor theory. The action in Mj , 
instead of (1), has the form 

Sstt = J d D x^\g~\[.f( ( j ) )R + h(t)(dq>) 2 - 217(0)], (11) 
where / , h and U are functions of the real scalar field 

(/>, [d4>) 2 = g^d P 4>d v 4>- 



The conformal mapping Mj i— > Me with 

9^ = FW)g„ v , F=\f\- 2 ^ D - 2 \ 



(12) 



transforms (11) into the same Einstein-frame action (3), 
where 



# = | VW)\ 

# f{<t>) ' 



, def fh ,D-lfdf\2 



D-2\d(j)J ' 



V(i;) = \f\- D ^ D - 2 H4>)U( ( p). 
In Me we have the same Eqs. (6)-(8). 
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3. Conformal continuations: conditions 
and properties 

Consider the possible situation when the metric g^ is 
singular at some value of p while g^ v at the correspond- 
ing value of q is regular. In such a case Mj can be 
continued in a regular manner through this surface (to 
be denoted S tr ans), i-e., by definition [5,9], we have a 
conformal continuation (CC). 

In our case of spherical symmetry, the sphere St rans ^ 
Mj may be either an ordinary sphere, where both met- 
ric coefficients r* 2 and A are finite (we label such a 
continuation CC-I), or a Killing horizon at which r 2 is 
finite but A = (to be labelled CC-II). 

Without loss of generality, we suppose for conve- 
nience that at Strans the coordinate values are p = 
and q = and p > in Me outside Strans • According 
to (10), we must have, in terms of g^ v , 



F- 1 



r 2 -> 



as 



0. 



(14) 



and, in addition, A(p) ~ r 2 (p) for CC-I, whereas for 
CC-II we must have in Mj : A(q) ~ q n at small q, 
where n G N is the order of the horizon. 

Let us use the field equations in Me for further es- 
timates. Eq. (8) may be put in the form 



d 



,dB 



d-2 



(15) 



where the function B(p) = A/r 2 = B(q) — A/rJ 2 is in- 
variant under conformal transformations and should be 
finite at p = q = . Moreover, since Strans is a regular 
sphere in Mj , B(q) should be a smooth function near 
q = 0. 

It can be shown [10] that: 1) for D = 3 a CC can 
only exist if B = Bq = const; 2) for D > 3 the function 
B(q) behaves near Strans as 



B(q)=B + \B 2 q 2 + o(q 2 ), 



(16) 



where B 2 < 0, i.e., the function B(q) has a maximum 
at q = . 

All this was obtained by comparing the metrics g pv 
and g , without specifying a theory in which the CC 
takes place, and for both kinds of transitions, CC-I and 
CC-II. Both kinds of transitions are thus possible for 
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D > 3, and, in particular, in CC-II Strans is a double 
horizon connecting two T regions (since B = A/r* 2 is 
negative at both sides of Strans ) • 

In 3D gravity only CC-I can take place: a horizon, 
at which B = but B ^ in its neighbourhood, is 
inconsistent with the condition B = const . 

3.1. Conformal continuations in f(R) theories 

Now, for the theory (1), the CC conditions can be made 
more precise. A transition surface Strans should corre- 
spond to values of R at which the function F(ip) tends 
to infinity, i.e., where /r = 0. In this case, accord- 
ing to (14), near p = we have f R 2 ^ d ~ r~ 2 . Us- 
ing the expression for ip in (4) and Eq. (7), we obtain: 
r w const • p x l D as p — > 0. According to (10), we also 
obtain: F ~ p~ 2 l D and the relation q ~ p x ~ 2 l D be- 
tween the coordinates p and q at their small values. 
The results can be summarized in the following theo- 
rem [10]: 

Theorem 1. For a static, spherically symmetric con- 
figuration in the theory (1) in D > 3 dimensions the 
following necessary conditions and properties of a CC 
(at p = q = 0) take place: 

(a) f(R) has an extremum, at which fn — and 
'/WO; 

(b) dR/dq 7^ at q = 0, hence the ranges of the cur- 

vature R are different at the two sides of Strans ; 

(c) in the Einstein frame, r(p) ~ p x l D as p-> 0; 

(d) in the Jordan frame, B(q) has a maximum at q = 

0. 

(e) For D = 3, B(p) = B(q) = const. 

(f) A CC-II is only possible for D > 4, and S trans is 

then a double horizon connecting two T regions. 

One can prove [10] that the above necessary condi- 
tions are also sufficient for the existence of a CC. This 
is done by seeking the unknown functions in the field 
equations in Mj in the form of Taylor expansions in q . 
Evidently, CC-I are of more general nature than CC-II 
since the existence of a double horizon is a very special 
condition for the metric, expressed in the initial condi- 
tion B(0) = in the field equations. 

Example. Consider an example of an exact solution 
to the field equations with CC-I in D = 4-dimensional 
space-time. In the Jordan frame Mj it is given by the 
functions 

/ = -acR+2c\ r R = 2c/q- ac/q 2 , r* = q, 

B= (3q-2a)/6q 3 , R=l/q 2 , (17) 

where a, c— const > 0. We take for convenience a = 1 , 
c = 1 (choosing the appropriate units). Then f R = 

at q = ftrans = 1 • 



The Jordan and Einstein metrics are 

*5- (3-5)** -(5-5)" *'-•'««'■ 

ds% = \q-l\ds 2 j. (18) 

Thus the Jordan-frame metric has a form close to 
Schwarzschild's, it is singular at the centre q = and 
has a horizon at q = 2/3. Its asymptotic is non-flat due 
to a solid angle deficit equal to 2tt , i.e., it has the same 
nature as the asymptotic of a global monopole (as can 
be easily seen by changing the coordinates from t and 
q to i = tj\[2 and q = qV2). In Me, the metric is 
singular at q = and q = 1 and contains a horizon at 
q = 2/3. The manifold Mj has two Einstein couter- 
parts Me i and Me 2 , existing separately for q > 1 and 
q < 1 . The first of them has a non-flat asymptotic as 
q — > 00 and a naked singularity at the centre ( q = 1 ) , 
the other has two singular centres at q = and q = 1 , 
separated by a horizon at q — 2/3. 

The scalar field and its potential in Me have the 
form 

V = ± v / 372ink-i|, v = - 1 1 q- 1 { q -iy 2 . 

This example is of methodological nature and demon- 
strates an essential distinction between the descriptions 
of the theory in the Jordan and Einstein pictures. 

3.2. Conformal continuations in STT 

Assume now that there is a STT (11) given in Mj . In 
this case a CC from Me into Mj can occur at such 
values of the scalar field <j> that the conformal factor 
F is singular while the functions /, h and U in the 
action (11) are regular. This means that at <j> = <fio, 
corresponding to a possible transition surface S tra ns , the 
function /(</>) has a zero of a certain order n. We then 
have in the transformation (13) near <j> = </>o in the 
leading order of magnitude 

/(0)~AV n , n = l,2,..., A^ = 0-^ o . (19) 

One can notice, however, that n > 1 leads to l(<j>o) = 
(recall that by our convention h((f>) = 1). This generi- 
cally leads to a curvature singularity in Mj , and though 
such a singularity can be avoided at some special choices 
of / and U , we will ignore this possibility and simply 

assume I > at Strans • 

Thus, according to (13), near Strans {<t> = <Po) 

f(<f>) ~ ~ e -V-V3/(3+i) ) (20) 

where without loss of generality we choose the sign of ip 
so that ip — > 00 as Aip — > . 

One can deduce from (20), (14) and (7) that near 
Strans it holds r(p) ~ p x l D . It follows that both A-0 
and q behave as r d in the neighbourhood of Strans 
hence dtp/dq is finite. 
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1. Continuation through an ordinary sphere 
(CC-I). A CC-I can occur if F(ip) = |/|" 2 / 3 ~ 1/r 2 ~ 
1/A as if> — > oc , while the behaviour of / is specified 
by (20). The following theorem is valid [9]: 

Theorem 2. Consider scalar-vacuum configurations 
with the metric (9) and cj> — cf>(q) in the theory (11) 
with h(4>) = 1 and l(<f>) > 0. Suppose that f(cf>) has a 
simple zero at some (f> = (f>o , and \U((f>o)\ < oo . Then: 

(i) there exists a solution in Mj , smooth in a neigh- 

bourhood of the surface S tr ans (<j> = 4>o ), which is 
an ordinary regular surface in Mj ; 

(ii) in this solution the ranges of cf) are different at dif- 

ferent Sides Of Strans • 

Thus, in fact, the CC necessary conditions turn out 
to be sufficient. 

2. Continuation through a horizon in Mj (CC- 

II). In this case we have near q = 0: f(cp) <~ Atp , 
A(q) = AF <~ q k , r 2 (q) = Fr 2 = 0(1). The fol- 
lowing theorem describes the necessary and sufficient 
conditions for the existence of CC-II [9]: 

Theorem 3. Consider scalar-vacuum configurations 
with the metric (9) and cf> = cf)(q) in the theory (11) 
with h(4>) = 1 and l(<j>) > 0. Suppose that f(4>) has 
a simple zero at some cf> — cf> . There exists a solution 
in Mj , smooth in a neighbourhood of the surface S tr ans 
(cf) = <fio ), which is a Killing horizon in Mj , if and only 
if: 

(a) D>4, 

(b) 0o is a simple zero of U(<j>) , 

(c) dU/df > at 4> = (f> . 
Then, in addition, 

(d) Strans is a second-order horizon, connecting two T- 

regions in Mj ; 

(e) the ranges of cf> are different at different sides of 

Strans • 

Thus the only kind of STT configurations admitting 
CC-II is a D > 4 Kantowski-Sachs cosmology consisting 
of two T-rcgions (in fact, epochs, since p is a temporal 
coordinate), separated by a second-order horizon. 

Example: Conformal scalar field in GR. Consider 
an explicit example of configurations with CC-I for D = 
4. This example is well known [11] and is given here to 
illustrate the generic character of wormholes appearing 
due to CC. 

The conformal scalar field in GR can be viewed as a 
special case of STT, such that in (11) 

/(0) = W 2 /6, h(<f>) = l, U{$) = 0. (21) 

After the transformation g^ v = F(<f>)g with 

cf> = V6tanh(^ + Vo)/V6), 

F{4>) = cosh 2 [(if) + Vo)/\/6] , ipo = const, (22) 



we obtain the action (3) with V = . The corresponding 
static, spherically symmetric solution is well known: it 
is Fisher's solution [12]. In terms of the harmonic radial 
coordinate u £ R+ , specified by the condition g uu = 
-gttigeo) 2 , the solution is [11] 



c -2mu dt 2 _ 



fc2 e 2mu 

sinh 2 (/cu) 



sinh 2 (fcw) 



ip = Cu, 



(23) 



where m (mass), C (scalar charge), k > and u are 
integration constants, and k is expressed in terms of m 
and C: k 2 = m 2 + C 2 /2. 

Another convenient form of the solution is obtained 
in isotropic coordinates: with y = tanh(fcw/2) , Eqs. (23) 
are converted to 



A(y)dt 2 



k 2 (l-y 2 f 



y 4 A(y) 



(dy 2 + y 2 dtl 2 ), 



A(y) = 



l + y 



2m/k 



i 



y 



(24) 



The solution is asymptotically flat at u — > (y — > 
0), has no horizon when C ^ and is singular at the 
centre ( u — ► oo , y ^> 1 — , ip — > oo ) . 

The Jordan- frame solution for (21) is described by 
the metric ds 2 — F(ip)ds 2 ^ and the <f> field according 
to (22). It is the conformal scalar field solution [14,15], 
its properties are more diverse and can be described as 
follows (putting, for definiteness, m > and C > 0): 

1. C < \[§m. The metric behaves qualitatively as in 
Fisher's solution: it is flat at y — > (u — > 0), and both 
gu and r 2 = \gee\ vanish at y = 1 (u — > oo) — a 
singular attracting centre. A difference is that here the 
scalar field is finite: (f) — > \/6. 

2. C > \/6m. Instead of a singular centre, at y — > 1 
(u — > oo) one has a singularity of infinite radius: g u — > 
oo and r 2 — > oo . Again — > \/6 . 

3. C — \^6m, k = 2m. Now the metric and (f) are 
regular at y = 1 ; it is Strans , and the coordinate y 
provides a continuation. The solution acquires the form 



ds 2 - 



dt 2 



= \/6 



-% 2 

?y + ?yo 
1 + yyo ' 



(i+y) 5 



m 2 (l+yf 



(dj/ 2 +y 2 rfr! 2 ) 



(25) 



where yo — tanh(V'o/v / 6) ■ The range u € R + , describ- 
ing the whole manifold Me in Fisher's solution, corre- 
sponds to the range < y < 1 , describing only a region 
M, T ' of the manifold Mj of the solution (25). The prop- 
erties of the latter depend on the sign of yo [11]. In all 
cases, y — corresponds to a flat asymptotic, where 
<f> -» V6yo, M < 1- 

3a: j/o < 0. The solution is defined in the range < 
y < l/\yo\- At y = l/\y \, there is a naked attracting 
central singularity: g tt — > , r 2 — > , — > oo . 
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3b: 2/0 > 0. The solution is defined in the range y € 
R+ . At y — > oo , we find another flat spatial infinity, 
where <f> — > V6/yo > r 2 — > oo and g tt tends to a finite 
limit. This is a wormhole solution found in Ref. [11] 
and recently discussed in Ref. [13]. 

3c: 2/0 = 0,-0 = VBy j J/ € M+ . In this case it is 
helpful to pass to the conventional coordinate r: y = 
m/(r — m). The solution is the well-known black hole 
with a conformal scalar field [14, 15]. 

The whole manifold Mj can be represented as the 
union Mj = Mj ' U § t rans U Mj " where Mj ' is the re- 
gion y < 1, which is, according to (22), in one-to-one 
correspondence with the manifold Me of the Fisher so- 
lution (23). The "antigravitational" {f{yj) < 0) region 
Mj " (y > 1 ) is in similar correspondence with another 
"copy" of the Fisher solution, where, instead of (22), 

<j> = \/6coth(V>/\/6), F (tp) = sinh 2 (?A/V6). (26) 
4. Concluding remarks 

Studying static, spherically symmetric vacuum solutions 
in two important classes of theories of gravity, f(R) the- 
ories and STT, we have demonstrated that conformal 
continuations (CC) are quite a widespread phenomenon. 
It has also been shown [9] that one of generic types of 
configurations in the Jordan picture in STT, existing 
due to CC, are traversable wormholes. In f(R) the- 
ory, one can also expect the existence of non-singular 
vacuum solutions of physical interest. 

The results presented here may be extended to elec- 
trovacuum solutions of the same classes of theories as 
well as to solutions of a more general class of theories, 
unifying these two, with the action 



f(R,<j>)±(dt) 2 



(27) 



where / is an arbitrary (sufficiently smooth) function of 
two variables. Such theories also admit a transition to 
the Einstein picture, but with two scalar fields combined 
to a kind of sigma model [6]. Different conformal rela- 
tions between STT and f(R) theories are also discussed 
in Ref. [16] 

It has been shown that many wormhole solutions 
with CC in STT are unstable under monopole perturba- 
tions, but the instability weakens with growing electric 
charge [17]. Many questions are yet to be answered be- 
fore one could judge whether or not configurations with 
CC can describe the space-times able to exist in nature. 
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